The blind source separation theory was introduced and the trend and amplitude (TAA) model was established in order to overcome the shortcomings of some traditional global leakage discharge analysis models in water distribution systems (WDS). The TAA model considers the leakage discharge as one part of the total water supply flow, consisting of constrained independent component analysis (CICA) model and amplitude solving model. In the CICA model, the CICA algorithm was chosen and two reference vectors were constructed, and then the trend of leakage discharge was obtained. In the amplitude solving model, the two-element coupled linear overdetermined equations were derived and the amplitude was calculated. The TAA model was optimized and verified based on the data from three kinds of WDS (the laboratory WDS, the emulational WDS and the actual WDS). The simulation accuracy of the TAA model was high enough when the total water supply flow was a non-Gaussian signal in the WDS with one entrance only; the TAA model can effectively avoid the complexity (and reflect the uncertainty) of the relationship between leakage discharge and pressure head. More importantly, the model has good transplant performance.
INTRODUCTION
Water losses can cause a huge waste of water resources and energy, and physical loss is the major component of water losses in most water distribution systems (WDSs). Many leakage discharge analysis models have been proposed as they are indispensable for leakage detection and control.
There are two kinds of leakage discharge analysis models: local model for a single leak, and global model (or systemwide model) for all the leaks in the WDS. For the local models, the relationship between leakage discharge and pressure head is usually defined and a local model can be described by the orifice equation (Walski et al. ; Van Zyl & Cassa ) 
where: q l is the leakage discharge of a single leakage;
A r is the leakage area; C d is the discharge coefficient;
g is acceleration due to gravity; and h is the pressure head (the kinetic head can be negligible). Many field tests and laboratory-based tests have proved that q l is more sensitive to h than a square root relationship in Equation (1) (Walski et al. ; Ferrante ; Van Zyl & Cassa ) because of the variation of A r and C d . In order to better understand the variation of A r , q l was categorized, the fixed area and variable area discharge (FAVAD) concept model was proposed by May (): 
where m AÀh is the pressure-area slope constant.
Equation (3) has improved the sensitivity measured by the power exponent from 0.5 to the range of 0.5-1.5.
With the stress balance analysis of a circular hole in a pressurized pipe, the FAVAD model was improved theoretically by Van Zyl & Clayton ()
where C is a constant. Equation (4) has increased the power exponent to a maximum value of 2.5. Both the orifice equation model and the FAVAD models are always simplified to the power function model described in Equation (5).
where, α is the leakage coefficient and β is the leakage exponent (β is referred to N1). The value of β has a wide range, it is considerably larger than 0.5, and typically varies between 0.5 and 2.79 with a median of • Uniform leakage coefficient model: the leakage is allocated at all nodes and the leakage coefficients of all leakages are uniform (Giustolisi et al. ).
• Assorted leakage coefficient model (or minimum night flow (MNF) based leakage distribution model), the pipes are classified in accordance with the character information, the leakage weighting factor is used to determine the leakage coefficients (Burrows et al. ).
• Proportional leakage coefficient model: the leakage is allocated at all nodes and the leakage coefficient is proportional to the measured consumption, the length of pipe is connected to the leakage node (Almandoz et al.
).
• • Equivalent single leak model: this considers all the leakage in the system as one single leakage, it has the same expression as Equation (5), where the pressure head h should be changed to the average pressure head over the system H AZP (Thornton & Lambert ) . (1)- (5) . In BSS, issues are expressed by matrix as follows:
where X is the observed signals matrix (a known quantity),
A is the mixing matrix (an unknown quantity) and S is the source signals matrix (an unknown quantity). For Equation (6), there are infinite numbers of solutions. But there will be a unique solution under a restriction of specific target function, the form of the solution is as follows:
where Y is the separated signals matrix and W is the separation matrix.
Determination of observed signals and source signals
According to the standard water balance developed by the IWA Water Loss Task Force, system input volume consists of the following four components: billed authorized consumption, unbilled authorized consumption, apparent losses and real losses (Wu et al. ) . Therefore, the total water supply flow can be divided into two parts, leakage discharge and actual consumed water flow. Leakage discharge corresponds to real losses and actual consumed water flow corresponds to the other three components. It shows the following relationship in steady state:
where Q T is the total water supply flow, Q A is actual con- 
where s(t) is the real source signal, y(t) is the simulated source signal and E{ Á } is the averaging function. The value of ξ y,s is between 0 and 1, the larger the value of ξ y,s , the higher the accuracy of waveform information. Because CICA algorithm cannot solve all the BSS problems, the conditions needed to be judged whether CICA algorithm is applicable in the WDS's leakage discharge analysis.
Judgment of CICA algorithm's applicability
A premise of CICA algorithm is that no more than one source signal is Gaussian signal. Because both source signals in WDS are not separately measurable, the historical data of either source signal is absent, and it is impossible to construct a probability density function of either source signal. Determining the statistical distribution of the source signal is difficult by using sample data or probability density function. However, the sum of two source signals is measurable by Equation (8). The Q T is assumed to be a non-Gaussian signal, the derivation process is shown as follows: Known conditions assumed: The total water supply flow is a non-Gaussian signal. Derivative process:
Assume that both source signals are Gaussian signals; The linear combination of Gaussian signals is still a Gaussian signal, then the following conclusions can be obtained: The Q T is an Gaussian signal according to Equation (8). However, the conclusion is contrary to the known conditions. So we can determine that if Q T is a non-Gaussian signal, no more than one source signal is Gaussian signal.
Thus the CICA algorithm could be used to separate the source signals from the observed signals when Q T is a nonGaussian signal in the WDS.
CICA model
If the observed signals are considered as instantaneous linear mixing of the source signals, the mixing model of BSS is defined as follows:
where s 1 (t) is defined as the sequence of Q A in time series, source signal and s 2 (t) is defined as the sequence of Q L in time series, source signal. When X is whitened:
where e X is a matrix deformation after X is whitened, Q white is the whitening matrix of X. The separation model of BSS by CICA algorithm is as follows:
where y is the simulated source signal in time series, it is an estimation of one source signal, and y ¼ y 1 (t) or y ¼ y 2 (t), dimensionless; w is the transpose of one row of the matrix 
where J(Á) is the function used for solving negative entropy, ρ is a positive constant, v gauss is a random Gaussian random variable with a zero mean and unit variance. The objective function is as follows:
and the constraint function is as follows:
Equation (18) is solved by the Newton iterative method as Equation (20), and the iteration stops when Equation (21) occurs.
where: η is learning rate; R xx is the covariance matrix of e X; L = w is the first derivative of Lagrangian function to w; μ or λ is Lagrange multiplier; g = y (w) is the first derivative of g(w); g == yy (w) is the second derivative of g(w); ε(y, r) is mean square error norm and ε(y, r) ¼ E{(y À r) 2 }; r is reference vector, r ¼ r A or r ¼ r L ; ξ is the threshold; and γ is the scalar processing parameter.
Amplitude solving model
Assume that the waveform information of y and that of s are identical, then Equation (22) is derived.
where: y 1 (t) is the simulated Q A in time series, dimensionless; y 2 (t) is the simulated Q L in time series, dimensionless; Q TA (t) is true Q A in time series; and Q TL (t) is true Q L in time series. Then the simulated source signals are converted as Equation (23).
where y 1 (t) is the average of y 1 (t) and y 2 (t) is the average of y 2 (t). It is known that the variance of simulated source signal is 1 according to CICA algorithm, so y 10 (t) and y 20 (t) are the sequences with an average value of 0 and a variance of 1. Then Equation (24) is obtained.
where: σ A is the standard deviation of Q TA (t); μ A is the mean of Q TA (t); σ L is the standard deviation of Q TL (t); and μ L is the mean of Q TL (t). The four parameters of σ A , σ L , μ A and μ L are considered as unknowns, then the equations of flow balance in the WDS could be expressed as follows:
. . .
where Q T (t) is the real total water supply flow at time t, which is a observed value by real-time flowmeter. There is a relationship shown in Equation (26) in the WDS.
where
by Q T (t) and substituted in Equation (25), the equations are as follows:
Equation (27) 
OPTIMIZATION AND VALIDATION OF TAA MODEL Experiment and data acquisition
As mentioned above, it is impossible to get the sample data of leakage discharge respectively or actual consumed water flow in an actual WDS. However, the data are urgently needed to optimize and verify the TAA model. As a remedy, this paper gets the sample data from three places: the Leakage Test Laboratory of WDS in Harbin Institute of Technology (as shown in Figure S1 in the Supplementary Information, available with the online version of this paper); an emulational WDS (as shown in the Supplementary Information, which is generated by software EPANET 2.0); and an actual WDS (as shown in the Supplementary Information).
Optimization of TAA model
The optimization of TAA model is based on the data of the laboratory test; the optimization goals are to maximize two similarity coefficients, respectively. For one laboratory test in a single-entrance multi-leaks ring WDS, the maximum similarity coefficient can reach about 0.95 for leakage discharge, the average of the absolute value of the relative error is about 3.2% for Q A and about 4.3% for Q L , the optimized parameters are shown in Table 1 .
Validation of TAA model
All the values of parameters refer to Table 1 and the values are fixed. The performance of TAA model is shown in Table 2 . Because the head pressure at each node is needless, it is unnecessary to take a lot of work for a WDS hydraulic model.
DISCUSSION OF TAA MODEL
In the TAA model, although the pressure head is kept constant, the output parameter Q L will vary with Q T . In other words, the amount of Q L 0 s change will be reflected in Q T . Thus, TAA model has a theoretical innovation that the uncertain relationship has been expressed. Unlike some global models, TAA model has no subjective evaluation of any parameter, the simulation accuracy will be theoretically high enough. However, there is still an error of about 5.0%, and the error comes from two parts when the observation errors are ignored, especially One part is the inaccuracy of trend from the CICA model.
It seems to be a mistake to assume a linear mixing of the source signals, for it is not a linear relationship between leakage discharge and pressure head. However, the linear mixing does not have to be rebuked excessively, for it is just used to obtain the trend but not the amplitude. More importantly, the observed signals matrix has been whitened in Equation (13) In addition, the reference vector is very important not only to determine the source signal's order, but also to restrict the relative size of the source signal. As shown in
Equations (9) and (10), we can have such consensuses:
The Q A will be larger when Q T is larger, or smaller when Q T is smaller, because Q A is the main component of Q T in most actual WDSs. The probable monotonically increasing relationship between the global Q L and H en =Q 2 T can be believed, so H en =Q 2 T can generally describe the trends of Q L . Therefore, the reference vector cannot present the accurate trends of source signal, so the threshold is adopted to measure the gap between the reference vector and real source signal, and this needs to be optimized. Additionally, the reference vectors may be better constructed to obtain higher similarity coefficients by other methods.
CONCLUSIONS
The CICA algorithm of BSS theory was adopted into WDS.
A global leakage discharge analysis model, the TAA model, is established to separate the leakage discharge from the total water supply flow. The model can be well applied in the WDS with one entrance only when the total water supply flow follows the non-Gaussian distribution. The TAA model can effectively avoid the complexity (and reflect the uncertainty) of the relationship between leakage discharge and pressure head. Moreover, the simulation accuracy is high enough and the optimized model has a good transplant performance in different WDSs even without a WDS hydraulic model. This research attempts to use the signal's higher-order statistical characteristics but not the system's characteristics to achieve the desired objectives, and the BSS theory is expected to solve more problems about WDS.
